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In general, a class-preserving automorphism of generalized free
products of nilpotent groups need not be an inner automorphism.
We prove that every class-preserving automorphism of tree prod-
ucts of ﬁnitely generated nilpotent or free groups, amalgamating
inﬁnite cyclic subgroups, is inner. It follows that the outer automor-
phism groups of such tree products, amalgamating inﬁnite cyclic
subgroups, are residually ﬁnite.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
An automorphism α of a group G is called a class-preserving (or point-wise inner) automorphism
if, for each g ∈ G , α(g) and g are conjugate in G . Burnside [3] constructed a group of order 36 ad-
mitting class-preserving automorphisms which are not inner. There are many nilpotent groups having
class-preserving automorphisms which are not inner [3,12,13]. On the other hand, Grossman [5] de-
ﬁned that a group G has Property A if all class-preserving automorphisms of G are inner. She proved
that free groups and fundamental groups of compact orientable surfaces have Property A. Endimioni
[4] showed that free nilpotent groups have Property A. However, Segal [12] constructed a ﬁnitely
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that outer automorphism groups of ﬁnitely generated conjugacy separable groups with Property A are
residually ﬁnite, those mentioned groups with Property A have residually ﬁnite outer automorphism
groups. Outer automorphism groups of Fuchsian groups [1,9] and most of Seifert 3-manifold groups
[2] are residually ﬁnite. Residual ﬁniteness of outer automorphism groups of certain tree products,
amalgamating central subgroups, was proved in [14].
Nontrivial free products of groups have Property A [1,10]. However, there are generalized free prod-
ucts of ﬁnite (or inﬁnite) nilpotent groups which do not have Property A (Examples 4.1 and 4.10). In
this paper, we prove a criterion that certain generalized free products have Property A (Theorem 2.6).
Using this, we can prove that tree products of groups, amalgamating central subgroups, have Prop-
erty A (Corollary 3.6). This was ﬁrst proved in [14]. Our proof is quite short comparing with the
proof in [14]. Moreover, we can show that tree products of ﬁnitely generated nilpotent or free groups,
amalgamating inﬁnite cyclic subgroups, have Property A (Theorem 4.8). Since these tree products are
conjugacy separable [11], by Grossman [5], outer automorphism groups of tree products of ﬁnitely
generated nilpotent or free groups, amalgamating inﬁnite cyclic subgroups, are residually ﬁnite.
Throughout this paper we use standard notation and terminology.
A group G is residually ﬁnite (RF ) if, for each nontrivial element x ∈ G , there exists a ﬁnite homo-
morphic image G of G such that the image of x in G is not trivial.
A group G is conjugacy separable if, for each pair of elements x, y ∈ G such that x and y are not
conjugate in G , there exists a ﬁnite homomorphic image G of G such that the images of x and y in G
are not conjugate in G .
If A and B are groups, then A ∗H B denotes the generalized free product of A and B amalgamat-
ing H .
x ∼G y means that x and y are conjugate in G , otherwise xG y.
We use Inn g to denote the inner automorphism of G induced by g ∈ G .
Out(G) denotes the outer automorphism group, Aut(G)/ Inn(G), of G .
CG(g) denotes the centralizer of g in G and Z(G) denotes the center of G .
Deﬁnition 1.1. By a class-preserving (or point-wise inner) automorphism of a group G we mean an
automorphism α which is such that, for each g ∈ G , there exists kg ∈ G , depending on g , so that
α(g) = k−1g gkg .
Deﬁnition 1.2. (See [5].) A group G has Property A if for each class-preserving automorphism α of G ,
there exists a single element k ∈ G such that α(g) = k−1gk for all g ∈ G , i.e., α = Innk.
We shall use the following results:
Theorem 1.3. (See [5, Grossman].) Let B be a ﬁnitely generated, conjugacy separable group with Property A.
Then Out(B) is RF .
Theorem 1.4. (See [8, Theorem 4.6].) Let G = A ∗H B and let x ∈ G be of minimal length in its conjugacy class.
Suppose that y ∈ G is cyclically reduced, and that x ∼G y.
(1) If ‖x‖ = 0, then ‖y‖ 1 and, if y ∈ A, then there is a sequence h1,h2, . . . ,hr of elements in H such that
y ∼A h1 ∼B h2 ∼A · · · ∼A(B) hr = x.
(2) If ‖x‖ = 1, then ‖y‖ = 1 and, either x, y ∈ A and x ∼A y, or x, y ∈ B and x ∼B y.
(3) If ‖x‖ 2, then ‖x‖ = ‖y‖ and y ∼H x∗ where x∗ is a cyclic permutation of x.
2. Main results
Deﬁnition 2.1. Let G be a group and H be a subgroup of G . Then G is called H-self conjugate if
h ∼G k for h,k ∈ H then h = k.
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ment c of inﬁnite order.
Remark 2. Let H be a subgroup of G . If G is H-self conjugate, then H is abelian. This is because if
h,k ∈ H then h = k−1hk.
Throughout this paper, we assume that amalgamated subgroups in generalized free products or
tree products are always proper subgroups of their vertex groups. For example, in G = A ∗H B , we
have A = H = B .
For technical reasons we deﬁne the following conditions (D1) and (D2). Let A be a group and H
be a subgroup of A. Then a ∈ A is said to satisfy (D1) or (D2) for H , if
(D1) {a}A ∩ H = ∅, or
(D2) whenever a ∼A ah for h ∈ H then h = 1.
Lemma 2.2. Let G = A ∗H B, where A, B are H-self conjugate. Suppose there is a ∈ A satisfying (D1) for H.
Let α be a class-preserving automorphism of G such that α(a) = a. Then, for each x ∈ A, there exists kx ∈ A
such that α(x) = k−1x xkx.
Proof. Case 1. x ∈ A\H . Let kx = u1u2 · · ·ur be an alternating product of the shortest length in G such
that α(x) = k−1x xkx . Then ax ∼G α(ax) = α(a)α(x) = au−1r · · ·u−12 u−11 xu1u2 · · ·ur−1ur . Hence
ax ∼G urau−1r · · ·u−12 u−11 xu1u2 · · ·ur−1. (2.1)
Note that if ur ∈ A then urau−1r /∈ H by (D1), and if ur ∈ B\H then urau−1r is reduced of length 3.
Thus, if u1 ∈ B\H then the R.H.S. of (2.1) is cyclically reduced of length 2r + 2 (if ur ∈ B) or 2r (if
ur ∈ A, and then r  2). Since the length of the L.H.S. of (2.1) is less than 2, it is impossible by
Theorem 1.4. Hence we have u1 ∈ A. We consider the two cases u−11 xu1 ∈ H and u−11 xu1 /∈ H .
(1) Suppose u−11 xu1 ∈ H . Let u−11 xu1 = h for some h ∈ H . If r  2 then u−12 u−11 xu1u2 = u−12 hu2 ∈
B\H . For, if u−12 hu2 ∈ H , then u−12 hu2 = h (B is H-self conjugate). Hence u−12 u−11 xu1u2 = h = u−11 xu1.
This can reduce the length of kx . Thus u
−1
2 hu2 ∈ B\H . Hence the R.H.S. of (2.1) is cyclically reduced
of length 2r − 2 (if ur ∈ B , and then r  2) or 2r − 4 (if ur ∈ A, and then r  3). Since the length of
the L.H.S. of (2.1) is less than 2, it is impossible by Theorem 1.4. Hence r  1 and kx ∈ A.
(2) Suppose u−11 xu1 /∈ H . If r  2 then the R.H.S. of (2.1) is cyclically reduced of length 2r (if
ur ∈ B) or 2r − 2 (if ur ∈ A, and then r  3). Since the length of the L.H.S. of (2.1) is less than 2, it is
impossible by Theorem 1.4. Therefore r  1 and kx ∈ A.
In any case, we can take kx = u1 ∈ A for each x ∈ A\H , where kx depends on x.
Case 2. x ∈ H . We shall show that, for each h ∈ H , there exists kh ∈ A such that α(h) = k−1h hkh .
Let h ∈ H and kh = v1v2 · · · vr be an alternating product of the shortest length in G such that α(h) =
k−1h hkh . Then
ah ∼G vrav−1r · · · v−12 · v−11 hv1 · v2 · · · vr−1. (2.2)
If v−11 hv1 ∈ H then v−11 hv1 = h (by H-self conjugate). It reduces the length of kh . Hence r = 0, or if
r  1 then v−11 hv1 /∈ H . Note that if vr ∈ A then vrav−1r /∈ H by (D1), and if vr ∈ B\H then vrav−1r is
reduced of length 3. If v1 ∈ B\H then the R.H.S. of (2.2) is cyclically reduced of length 2r (if vr ∈ B)
or 2r −2 (if vr ∈ A, and then r  2). Since the L.H.S. of (2.2) is of length 1, both are impossible. Hence
v1 ∈ A. In this case, if r  2 then the R.H.S. of (2.2) is cyclically reduced of length 2r (if vr ∈ B , and
then r  2) or 2r − 2 (if vr ∈ A, and then r  3). Both cases are also impossible. Therefore r  1 and
kh = v1 ∈ A. 
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(D1) and (D2) for H. Let α be a class-preserving automorphism of G such that α(a) = a. Then, for each b ∈
B\H, there exists kb ∈ A such that α(b) = k−1b bkb.
Proof. Let b ∈ B\H and kb = u1u2 · · ·ur be an alternating product of the shortest length in G such that
α(b) = k−1b bkb . Then k−1ab (ab)kab = α(ab) = α(a)α(b) = ak−1b bkb = au−1r · · ·u−12 · u−11 bu1 · u2 · · ·ur−1ur .
Thus,
ab ∼G urau−1r u−1r−1 · · ·u−12 · u−11 bu1 · u2 · · ·ur−1. (2.3)
Case 1. Suppose u1 ∈ A.
(i) If ur ∈ B\H then r  2 and the R.H.S. of (2.3) is cyclically reduced of length 2(r + 1) 6. Since
the L.H.S. of (2.3) is of length 2, this case does not occur.
(ii) If ur ∈ A\H , then urau−1r /∈ H by (D1). The R.H.S. of (2.3) is cyclically reduced of length 2r.
Since the L.H.S. of (2.3) is of length 2, we have r = 1. Hence ky = u1 ∈ A.
Case 2. Suppose u1 ∈ B\H .
(a) Suppose u−11 bu1 /∈ H .
(i) If ur ∈ B\H , then the R.H.S. of (2.3) is cyclically reduced of length 2r. Hence we have r = 1
and α(b) = u−11 bu1. Then we have ab ∼G a · u−11 bu1. By Theorem 1.4, there exist h1,h2 ∈ H such
that a = h−11 ah2 and b = h−12 u−11 bu1h1. Since A is H-self conjugate, we have h1 = h2. Hence α(b) =
u−11 bu1 = h2bh−11 = h1bh−11 . Hence we can choose kb = h−11 ∈ H . This contradicts the assumption that
kb = u1 is the shortest length such that α(b) = k−1b bkb .
(ii) If ur ∈ A\H , then clearly r  2 and u−1r aur /∈ H by (D1). Hence, in (2.3), we have r = 2 and
ab ∼G u2au−12 · u−11 bu1. By Theorem 1.4, there exist h1,h2 ∈ H such that a = h−11 u2au−12 h2 and b =
h−12 u
−1
1 bu1h1. Hence u2au
−1
2 = h1ah−12 ∼A ah1h−12 . By (D2), we have h1h−12 = 1, that is h1 = h2. Thus
u−11 bu1 = h1bh−11 . It follows that α(b) = u−12 u−11 bu1u2 = u−12 h1bh−11 u2. This means that we can take
kb = h−11 u2 ∈ A. This contradicts the fact that kb = u1u2 is shortest length such that α(b) = k−1b bkb .
(b) Suppose u−11 bu1 ∈ H . Let u−11 bu1 = h1 ∈ H . If r = 1 then (2.3) implies ab ∼G ah1 ∈ A which is
impossible by Theorem 1.4. Also, if r = 2 then u2 ∈ A and (2.3) implies ab ∼G u2au−12 h1 ∈ A which
is impossible by Theorem 1.4. Thus we consider the case r  3. We note that u−12 h1u2 /∈ H . For,
if u−12 h1u2 ∈ H , then u−12 h1u2 = h1 by H-self conjugate. Hence u−12 u−11 bu1u2 = h1 = u−11 bu1. This
reduces the length of kb . Thus u
−1
2 h1u2 /∈ H . From (2.3), we have
ab ∼G urau−1r u−1r−1 · · ·u−12 h1u2 · · ·ur−1, (2.4)
where u2 ∈ A and r  3. Suppose ur ∈ B . Since r  3 and the R.H.S. of (2.4) is cyclically reduced of
length 2r − 2 4. Since the L.H.S. of (2.4) is cyclically reduced of length 2, it is impossible. Suppose
ur ∈ A. Then r  4 and the R.H.S. of (2.4) is cyclically reduced of length 2r − 4 4. Since the L.H.S. of
(2.4) is of length 2, this is also impossible.
We conclude that we can take kb = u1 ∈ A for each b ∈ B\H . 
Deﬁnition 2.4. Let H be a subgroup of G . Then G is said to be H-ﬁnitely generated, if there exist
a1, . . . ,an ∈ G\H such that a1, . . . ,an and H generate G . In this case, we denote G = 〈a1, . . . ,an, H〉.
Lemma 2.5. Let G = A ∗H B, where A, B are H-self conjugate and H-ﬁnitely generated, say, A =
〈x1, . . . , xn, H〉 and B = 〈y1, . . . , ym, H〉, where xi, y j /∈ H. Let α be a class-preserving automorphism of G
such that, for each i, j, α(xi) = h−1i xihi and α(y j) = d−1j y jd j for some hi,d j ∈ H. Then α is an inner auto-
morphism of G.
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if one of the xi removed then the remaining xi ’s and H do not generate A. Similarly, let {y1, . . . , ym}
be minimal such that y1, . . . , ym and H generate B . Let
w = x1 y1 · · · x1 ymx2 y1 · · · x2 ym · · · xn y1 · · · xn ym.
Then w is cyclically reduced of length nm. Note that α(w) = ∏ni=1
∏m
j=1 α(xi)α(y j) is cyclically re-
duced of length nm. Since w ∼G α(w), by Theorem 1.4 α(w) ∼H w∗ for some cyclic permutation w∗
of w . Hence we have, for some h0 ∈ H ,
α(w) = h−10 xi y jxi y j+1 · · · xi ym · · · xi+1 y1 · · · xn ymx1 y1 · · · xi−1 ymxi y1 · · · xi y j−1h0.
Thus there exist ci ∈ H such that
h−11 x1h1 = α(x1) = h−10 xic1,
d−11 y1d1 = α(y1) = c−11 y jc2, (2.5)
...
This implies xi ∈ 〈x1, H〉. Since {x1, x2, . . . , xn} is minimal such that A = 〈x1, x2, . . . , xn, H〉, we have
i = 1. Similarly, j = 1. Thus (2.5) implies the following:
h−11 x1h1 = α(x1) = h−10 x1c1,
d−11 y1d1 = α(y1) = c−11 y1c2,
...
h−1n xnhn = α(xn) = c−1nm−2xncnm−1,
d−1m ymdm = α(ym) = c−1nm−1 ymh0,
for some ci ∈ H . Since A, B are H-self conjugate, from the above equations, we have h0 = c1 = c2 =
· · · = cnm−2 = cnm−1 = h0. Hence α(xi) = h−10 xih0 and α(y j) = h−10 y jh0 for all 1 i  n and 1 j m.
Since A is H-self conjugate, H is abelian. Hence α′(h) = h = h−10 hh0 for all h ∈ H . Thus α = Innh0.
This completes the proof. 
Theorem 2.6. Let G = A ∗H B, where A, B are H-self conjugate and H-ﬁnitely generated. Suppose there exists
an element a ∈ A satisfying (D1) and (D2) for H. Then G has Property A.
Proof. Let α be a class-preserving automorphism of G and a be as above. Without loss of generality,
we can assume α(a) = a and α(g) = k−1g gkg for g ∈ G . By Lemmas 2.2 and 2.3, we can choose kx,kb ∈
A for each x ∈ A and b ∈ B\H . Let b ∈ B\H be ﬁxed.
(I) We shall show that there is w ∈ A such that α′ = Innw−1 ◦α and α′(a) = a,α′(b) = b,α′(h) = h
for all h ∈ H .
Let kb = u1 ∈ A as in Lemma 2.3. Since ab ∼G α(ab) = au−11 bu1, we have ab ∼H u1au−11 · b by The-
orem 1.4. Hence a = h−11 u1au−11 h2 and b = h−12 bh1 for some h1,h2 ∈ H . Since B is H-self conjugate,
we have h1 = h2. Let w = h−11 u1. Then w ∈ CA(a) and h1 ∈ CB(b). Let α′ = Innw−1 ◦α. Then we have
α′(a) = a and α′(b) = b.
We shall show that α′(h) = h for each h ∈ H . Since α′ is a class-preserving automorphism of G and
α′(a) = a, by Lemma 2.2 there exists v ∈ A such that α′(h) = v−1hv . Since bh ∼G α′(bh) = bα′(h) =
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Hence α′(h) = h.
(II) For each y ∈ B\H and x ∈ A\H , we can take k′x,k′y ∈ H such that α′(x) = k′−1x xk′x and α′(y) =
k′−1y yk′y .
By Lemma 2.3, we can choose k′y ∈ A for each y ∈ B\H . Since α′(b) = b by (I), yb ∼G α′(yb) =
k′−1y yk′yb. Considering the lengths of both sides, we have k′y ∈ H .
For x ∈ A\H , we can take k′x = u1 ∈ A by Lemma 2.2. Since bx ∼G α′(bx) = bu−11 xu1, by Theo-
rem 1.4 bx ∼H bu−11 xu1. Hence b = h−11 bh2 and x = h−12 u−11 xu1h1 for some h1,h2 ∈ H . Since B is
H-self conjugate, we have h1 = h2. Hence α′(x) = u−11 xu1 = h1xh−11 . Thus we can take k′x = h−11 ∈ H
for x ∈ A\H .
(III) By Lemma 2.5, α′ is an inner automorphism, whence α is an inner automorphism. 
3. On tree products amalgamating central subgroups
We ﬁrst consider generalized free products amalgamating a central subgroup.
Theorem 3.1. Let G = A ∗H B, where A = H = B, H  Z(A) and H  Z(B). Then G has Property A.
Proof. Clearly H = Z(G). Let G = G/H = (A/H) ∗ (B/H). Then G has Property A [10,1]. Let α be
a class-preserving automorphism of G . Since H = Z(G), clearly α(H) = H . Hence α(g) = α(g) is a
class-preserving automorphism of G . Since G has Property A, we have α = Innw for some w ∈ G .
Therefore, for each g ∈ G , we can assume α(g) = w−1hg gw for some hg ∈ H . Let α′ = Innw−1 ◦ α.
Then α′ is a class-preserving automorphism of G and, for each g ∈ G , α′(g) = hg g where hg ∈ H .
Let a ∈ A\H be ﬁxed. For each y ∈ B\H , ay ∼G α′(a)α′(y) = hahyay. Thus a = h−10 hahyah1 and
y = h−11 yh0 for some h0,h1 ∈ H . Hence h0 = h1 (Z(G) = H) and we have hahy = 1. Thus hy = h−1a
for all y ∈ B\H . For x ∈ A\H , xy ∼G α′(x)α′(y) = hxhyxy, where y ∈ B\H . Then, as before, we have
hxhy = 1. Hence hx = h−1y = ha for all x ∈ A\H . Note that 1 = α′(1) = α′(x)α′(x−1) = haxhax−1 = h2a .
Thus h2a = 1. Since α′ is a class-preserving automorphism of G and H = Z(G), α′(c) = c for all c ∈ H .
(1) Suppose there exists x ∈ A\H such that x2 /∈ H (similarly, there exists y ∈ B\H such that
y2 /∈ H). Since α′(x2) = hax2 by the above and α′(x2) = α′(x)α′(x) = h2ax2, we have ha = 1. This im-
plies that α′ is the identity. Thus α is inner.
(2) Suppose x2 ∈ H for all x ∈ A\H and y2 ∈ H for all y ∈ B\H . Hence A/H, B/H is of expo-
nent 2. If |A : H| > 2, then there exist a1,a2 ∈ A\H such that a1a2 /∈ H . Then α′(a1a2) = haa1a2 and
α′(a1)α′(a2) = h2aa1a2. Hence ha = 1. Thus α′ is the identity and, whence α is inner. Similarly, if
|B : H| > 2, then α is inner.
Suppose |A : H| = 2 = |B : H|. Let a ∈ A\H and b ∈ B\H . Then every element in G = A ∗H B can
be written as wh where h ∈ H and w is a product of a and b. Hence haa = α′(a) = (wh)−1a(wh) =
w−1aw , where w = u1 · · ·un is a reduced word with ui = a or ui = b. Since a2,b2 ∈ H , haa = w−1aw
implies either w = a or w = 1. In both cases ha = 1. Hence, α′ is the identity and α is inner. 
The above result shortens the proof of Theorem 3.2 in [14]. Moreover we can easily prove Theo-
rem 3.5, a main result in [14], using the following lemmas.
Lemma 3.2. (See [7].) Let G be a tree product of any groups Ai (1  i  n) amalgamating central edge sub-
groups. For x ∈ Z(Ai) and y ∈ Z(A j), if x ∼G y then x = y.
Lemma 3.3. Let G be a tree product of vertex groups A1, . . . , An (n 1). Let each Ai be H-ﬁnitely generated
for each edge subgroup H of G contained in Ai . If K ⊂ A j and A j is K -ﬁnitely generated, then G is K -ﬁnitely
generated.
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Inductively, we assume S = 〈x1, . . . , xr, K 〉 and T = 〈y1, . . . , ys, H j〉. Since H j ⊂ A j ⊂ S , we have G =
〈y1, . . . , ys, x1, . . . , xr, K 〉. Hence G is K -ﬁnitely generated. 
Lemma 3.4. Let G be ﬁnitely generated and H  G. Then G is H-ﬁnitely generated.
Proof. Let G = 〈a1,a2, . . . ,ar〉. By deleting ai ∈ H , we have G = 〈a j1 ,a j2 , . . . ,a js , H〉, where a jk /∈ H
and s r. Hence G is H-ﬁnitely generated. 
Theorem 3.5. Let G be a tree product of vertex groups A1, . . . , An (n  2), amalgamating central edge sub-
groups. Let Ai be H-ﬁnitely generated for each edge subgroup H contained in Ai . Then G has Property A.
Proof. Case 1. All central edge subgroups are equal, say H . Clearly H = Z(G) and G = T ∗H An , where
T is a tree product generated by vertex groups Ai except An . Then G has Property A by Theorem 3.1.
Case 2. There are two edge subgroups Hi1 = Hi2 contained in a vertex group Ai . Suppose a ∈
Hi1\Hi2. We can write G = S ∗Hi2 T , where S, T are sub-tree products of G and Ai ⊂ S . By Lemmas 3.2
and 3.3, S, T are Hi2-self conjugate and Hi2-ﬁnitely generated. Since a ∈ Z(Ai)\Hi2, by Lemma 3.2
{a}S ∩ Hi2 = ∅. If a ∼S ah for h ∈ Hi2 then, by Lemma 3.2 a = ah (note a,h ∈ Z(Ai)). Hence h = 1.
Thus, by Theorem 2.6, G has Property A. 
By Lemma 3.4, every ﬁnitely generated group is H-ﬁnitely generated for each subgroup H . Hence
we have the following.
Corollary 3.6. (See [14, Theorem 3.4].) Let G be a tree product of vertex groups A1, . . . , An (n  2), amalga-
mating central edge subgroups. If each Ai is ﬁnitely generated, then G has Property A.
It was known that tree products of ﬁnite number of conjugacy separable and central subgroup sep-
arable vertex groups, amalgamating ﬁnitely generated central subgroups, are conjugacy separable [7].
Hence, by Theorem 1.3 we have the following:
Theorem 3.7. Let G be a tree product of vertex groups A1, . . . , An (n  2), amalgamating ﬁnitely generated
central edge subgroups. If Ai are ﬁnitely generated, conjugacy separable and central subgroup separable, then
OutG is residually ﬁnite.
It follows that outer automorphism groups of tree products of polycyclic groups A1, . . . , An (n 2),
amalgamating central subgroups, are residually ﬁnite.
4. On tree products amalgamating cyclic subgroups
Although nontrivial free products of groups always have Property A [1,10], generalized free prod-
ucts are not so nice. We can construct generalized free products of nilpotent groups, amalgamating
ﬁnite or inﬁnite subgroups, which do not have Property A.
Examples 4.1. (1) Let H be a ﬁnite nilpotent group which does not have Property A [3,13]. Let A =
〈a〉 × H and B = 〈b〉 × H . Let G = A ∗H B . Then G = H × (〈a〉 ∗ 〈b〉). Since H does not have Property A,
a direct product of H and any group does not have Property A. Hence G does not have Property A.
(2) Let A = H × 〈a〉 × 〈b〉 and B = H × 〈a〉 × 〈c〉, where a,b, c are of inﬁnite order. Let K = H × 〈a〉
and G = A ∗K B . Then A, B, K are ﬁnitely generated inﬁnite nilpotent groups. Note G = (K × 〈b〉) ∗K
(K × 〈c〉) = K × (〈b〉 ∗ 〈c〉) = H × 〈a〉 × (〈b〉 ∗ 〈c〉). Since H does not have Property A, as before G does
not have Property A.
However we shall show that generalized free products of ﬁnitely generated nilpotent groups, amal-
gamating an inﬁnite cyclic subgroup, have Property A.
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H-self conjugate.
Proof. Let h1 ∼G h2, where h1,h2 ∈ H . We shall show that h1 = h2.
(1) Suppose h1 ∼G c for some c ∈ C . By Theorem 1.4, there exist ci ∈ C such that h1 ∼B c1 ∼A c2 ∼B
· · · ∼A(B) ck = c. Since A, B are C-self conjugate, we have c1 = c2 = · · · = ck = c. Thus h1 ∼B c. Since
h1 ∼G h2, we have h2 ∼G c. As before, we have h2 ∼B c. Thus h1 ∼B h2. Since B is H-self conjugate,
we have h1 = h2.
(2) Suppose h1 G c for any c ∈ C . Hence h1 is of the minimal length 1 in its conjugate class in G .
By Theorem 1.4, we have h1 ∼B h2. Since B are H-self conjugate, we have h1 = h2. 
Corollary 4.3. Let G be a tree product of A1, . . . , Am (m 1), where each vertex group Ai is K -self conjugate
for each edge subgroup K in Ai . Let H  A j be such that A j is H-self conjugate. Then G is H-self conjugate.
Proof. The case for m = 1 is trivial. Lemma 4.2 proves the case for m = 2. For induction, suppose that
tree products of m − 1 vertex groups have this property.
Let G be a tree product of m vertex groups Ai , where each vertex group Ai is K -self conjugate for
each edge subgroup K in Ai . Without loss of generality, we may assume that G = T ∗C Am , where Am
is the vertex group of an extremal vertex of the tree and T is the tree product of the remaining m−1
vertex groups. By induction hypothesis, T is C-self conjugate, where C is the edge group between T
and Am .
If A j ⊂ T then, by induction, T is H-self conjugate. Since Am is C-self conjugate, by Lemma 4.2
G = T ∗C Am is H-self conjugate. If A j = Am then, by assumption on A j , Am is H-self conjugate. By
Lemma 4.2, G = T ∗C Am is H-self conjugate. 
Lemma 4.4. Let G = A ∗C B where A, B are C-self conjugate. Let H  B be such that B is H-self conjugate.
Then there exists x ∈ G such that {x}G ∩ H = ∅ and if x ∼G xh for h ∈ H then h = 1.
Proof. Case 1. Suppose there exists an element h1 ∈ H\C . Let a ∈ A\C and x = ah1. Then x is cyclically
reduced of length 2 in G . By Theorem 1.4, xG h for all h ∈ H . Hence {x}G ∩H = ∅. If x ∼G xh for h ∈ H
then, by Theorem 1.4, xh = c−1xc for some c ∈ C . Hence ah1h = c−1ah1c. It follows that a = c−1ad
and h1h = d−1h1c for some d ∈ C . Since A is C-self conjugate, we have c = d. Hence a = c−1ac and
h1h = c−1h1c. Also B is H-self conjugate. Hence h1h = h1. Thus h = 1.
Case 2. Suppose H ⊂ C . Let x = ab where a ∈ A\C and b ∈ B\C . Then x is cyclically reduced of
length 2 in G . By Theorem 1.4, xG h for all h ∈ H . Hence {x}G ∩ H = ∅. If x ∼G xh for h ∈ H then, by
Theorem 1.4, xh = abh = c−1abc for some c ∈ C . Since A is C-self conjugate, we have a = c−1ac and
bh = c−1bc. Also B is C-self conjugate and h ∈ C . Hence ch−1 = c. Thus h = 1. 
Lemma 4.5. Let G be a tree product of A1, . . . , Am (m  2), where each vertex group Ai is K -self conjugate
for each edge subgroup K in Ai . Let H  A j be such that A j is H-self conjugate. Then there exists x ∈ G such
that {x}G ∩ H = ∅ and if x ∼G xh for h ∈ H then h = 1.
Proof. Lemma 4.4 proves the case for m = 2. For induction, suppose that tree products of m−1 vertex
groups have this property. Without loss of generality, we may assume G = T ∗C Am , where Am is the
vertex group of an extremal vertex of the tree and T is the tree product of the remaining m−1 vertex
groups.
Case 1. H ⊂ A j = Am .
(1) Suppose there exists h1 ∈ H\C . Let a ∈ T\C and x = ah1. Then x is cyclically reduced of length 2
in G . By Theorem 1.4, xG h for all h ∈ H . Hence {x}G ∩H = ∅. If x ∼G xh for some h ∈ H then, by The-
orem 1.4, xh = c−1xc for some c ∈ C . Hence ah1h = c−1ah1c. Since T is C-self conjugate (Corollary 4.3),
we have, as in Case 1 of Lemma 4.4, a = c−1ac and h1h = c−1h1c. Also Am is H-self conjugate. Hence
h1h = h1. Thus h = 1.
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of length 2 in G . By Theorem 1.4, x G h for all h ∈ H . Hence {x}G ∩ H = ∅. If x ∼G xh for some
h ∈ H then, by Theorem 1.4, xh = a1a2h = c−1a1a2c for some c ∈ C . Since T is C-self conjugate (Corol-
lary 4.3), we have a1 = c−1a1c and a2h = c−1a2c. Also Am is C-self conjugate and h ∈ H ⊂ C . Hence
ch−1 = c. Thus h = 1.
Case 2. H ⊂ Ai ⊂ T but H ⊂ C . By induction, there exists x ∈ T such that {x}T ∩ H = ∅ and if
x ∼T xh for h ∈ H then h = 1.
(a) We shall show that {x}G ∩ H = ∅. Suppose x ∼G h.
Suppose x ∼G c for some c ∈ C . By Theorem 1.4, there exist ci ∈ C such that x ∼T c1 ∼Am c2 ∼T· · · ∼T (Am) ck = c. Since T , Am are C-self conjugate (Corollary 4.3), we have c1 = c2 = · · · = ck = c.
Thus x ∼T c. Since x ∼G h, we have h ∼G c. Then, as before, h ∼T c. Hence x ∼T h, a contradiction.
Thus xG h for all h ∈ H .
Suppose xG c for all c ∈ C . By Theorem 1.4, we have x ∼T h, a contradiction. Therefore xG h for
all h ∈ H . Hence {x}G ∩ H = ∅.
(b) We shall show that if x ∼G xh for h ∈ H then h = 1. Suppose x ∼G xh.
Suppose x ∼G c for some c ∈ C . As in (a) above, we have x ∼T c and xh ∼T c. Hence x ∼T xh. By
induction hypothesis, we have h = 1.
Suppose x G c for all c ∈ C . As before, we have x ∼T xh. By induction hypothesis, we have
h = 1. 
Theorem 4.6. Let G be a tree product of ﬁnite number of A1, . . . , Am (m 3), where each vertex group Ai is
K -ﬁnitely generated and K -self conjugate for each edge subgroup K in Ai . Then G has Property A.
Proof. Without loss of generality, we may assume G = T ∗C Am , where Am is the vertex group of an
extremal vertex of the tree and T is the tree product of the remaining m − 1 vertex groups. We shall
use Theorem 2.6.
(1) Since C is an edge subgroup, Am is C-ﬁnitely generated by assumption. By Lemma 3.3, T is
C-ﬁnitely generated.
(2) By Corollary 4.3, T is C-self conjugate. Also Am is C-self conjugate by assumption.
Since m  3, T is a tree product with at least two vertex groups. Hence, by Lemma 4.5 there
exists x ∈ T such that {x}T ∩ C = ∅ and if x ∼G xc for c ∈ C then c = 1. Hence, by Theorem 2.6, G has
Property A. 
Let A = 〈u, v: [u, [u, v]], [v, [u, v]]〉 be the free nilpotent group of class 2 with 2 generators. Let
H = 〈[u, v]〉. It is not diﬃcult to see that if a ∈ A satisﬁes (D2) for H then a ∈ H . Thus there is no
element a ∈ A satisfying (D1) and (D2) in Theorem 2.6.
However we can prove the following which is a generalization of Theorem 3.6 in [1]. In there, it
was proved that generalized free products of two free groups, amalgamating a maximal cyclic sub-
group, have Property A.
Theorem 4.7. Let A, B be ﬁnitely generated nilpotent or free groups with |c| = ∞. Then G = A ∗〈c〉 B has
Property A.
Proof. Since A, B are ﬁnitely generated, by Lemma 3.4 A, B are 〈c〉-ﬁnitely generated. It is well known
that ﬁnitely generated nilpotent or free groups are 〈c〉-self conjugate for element c of inﬁnite order.
Case 1. A and B are ﬁnitely generated nilpotent groups. If there exists a ∈ Z(A)\〈c〉 (or b ∈
Z(B)\〈c〉), then we can easily see that a satisﬁes (D1) and (D2) for 〈c〉. Hence G has Property A
by Theorem 2.6. Otherwise, Z(A) ⊂ 〈c〉 and Z(B) ⊂ 〈c〉. Hence Z(A) and Z(B) are torsion-free and
A, B are torsion-free. Thus Z(A) = 〈c〉 and Z(B) = 〈c〉. Then G has Property A by Theorem 3.1.
Case 2. A or B is a free group of rank  2. Suppose A is free. Since free groups are residually
torsion-free nilpotent, there exists an integer r such that c /∈ Γr(A). Then Γr(A) ∩ 〈c〉 = 1. Let 1 = a ∈
Γr(A). Then clearly {a}A ∩ 〈c〉 = ∅. If u−1au = aci for some u ∈ A, then ci ∈ Γr(A). Since A/Γr(A) is
torsion-free, we deduce i = 0. Therefore G has Property A by Theorem 2.6. 
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subgroups, where each Ai is a ﬁnitely generated nilpotent or free group. Then G has Property A.
Proof. The case m = 2 was proved in Theorem 4.7. Let m 3. Since Ai is a ﬁnitely generated nilpotent
or free group, Ai is 〈h〉-self conjugate for any h ∈ Ai with |h| = ∞. By Lemma 3.4, each Ai is 〈h〉-
ﬁnitely generated for any h ∈ Ai . Hence, G has Property A by Theorem 4.6. 
Since tree products of ﬁnitely generated nilpotent or free groups, amalgamating cyclic subgroups,
are conjugacy separable [11], by Theorem 1.3 we have the following:
Theorem 4.9. Let G be a tree product of ﬁnite number of A1, . . . , Am (m  2), amalgamating inﬁnite cyclic
subgroups, where each Ai is a ﬁnitely generated nilpotent or free group. Then OutG is residually ﬁnite.
Because of Theorems 3.1 and 4.7, it is natural to ask whether generalized free products of nilpotent
groups, amalgamating a normal or ﬁnite cyclic subgroup, have Property A. In general, it is not true.
In fact, we give an example of a generalized free product of nilpotent groups, amalgamating a ﬁnite
cyclic normal subgroup, that does not have Property A.
Example 4.10. Consider the following groups isomorphic to C8  Aut(C8).
A = 〈x, y, z: x8 = y2 = z2 = [y, z] = 1, xy = x−1, xz = x5〉,
B = 〈x, y1, z1: x8 = y21 = z21 = [y1, z1] = 1, xy1 = x−1, xz1 = x5
〉
.
The map φ : x → x, y → y, z → x4z deﬁnes a class-preserving automorphism of A which is not
inner [6]. Similarly, the map φ1 : x → x, y1 → y1, z1 → x4z1 deﬁnes a class-preserving automorphism
of B .
Let G = A ∗〈x〉 B . Then the map ϕ : x → x, y → y, z → x4z, y1 → y1, z1 → x4z1 deﬁnes an auto-
morphism of G . We shall show that ϕ is a class-preserving automorphism of G which is not inner.
Since ϕ|A = φ and ϕ|B = φ1 are class-preserving, we shall show that ϕ(g) ∼ g for ‖g‖ 2. Note
that every element g in G can be written as g = xiw , where w ∈ 〈y, z〉 ∗ 〈y1, z1〉. Let k be the number
of y, y1 and l be the number of z, z1. Since x4 ∈ Z(G) and x8 = 1, we have ϕ(g) = g if l is even, and
ϕ(g) = x4g if l is odd. Clearly if ϕ(g) = g , then ϕ(g) ∼ g . Hence we consider the case that ϕ(g) = x4g .
Thus l is odd.
(1) g ∈ 〈y, z〉 ∗ 〈y1, z1〉. Note that yx±1 = x∓1 y, y1x±1 = x∓1 y1, zx±1 = x4x±1z and z1x±1 =
x4x±1z1. Since x4 ∈ Z(G), we have x−1gx = x−1(x4)lx(−1)k g = x−1x4x(−1)k g (l is odd). Hence either
x−1gx = x2g (if k is odd) or x−1gx = x4g (if k is even). If x−1gx = x2g then ϕ(g) = x4g = x−2gx2. If
x−1gx = x4g then ϕ(g) = x4g = x−1gx. Hence ϕ(g) = x4g ∼〈x〉 g .
(2) g = xiw where w ∈ 〈y, z〉 ∗ 〈y1, z1〉. Since ϕ(g) = ϕ(xiw) = xiϕ(w) and ϕ(g) = x4g = x4xiw ,
we have ϕ(w) = x4w . By (1) above, ϕ(w) = x4w = x−wx , where  = 1,2. Hence ϕ(g) = ϕ(xiw) =
xiϕ(w) = xix−wx = x−xiwx = x− gx .
Therefore, ϕ(g) = x− gx when ϕ(g) = x4g . This completes the proof that ϕ is a class-preserving
automorphism of G .
We shall show that ϕ is not inner. Suppose that ϕ = Inna, where a ∈ G . Since ϕ(y) = y, we have
a−1 ya = y. We shall show that a ∈ 〈x〉. Let a = u1 · · ·ur be an alternating product in G . Suppose r  2.
Since ya = ay, we have yu1 · · ·ur = u1 · · ·ur y. Because y ∈ A\〈x〉, we have u1 ∈ A and yu1 = u1x j for
some j. Since 〈x〉G , y = u1x ju−11 ∈ 〈x〉, a contradiction. Hence r  1 and a ∈ A. Similarly, considering
ϕ(y1) = y1, we have a ∈ B . Hence a ∈ A ∩ B = 〈x〉. Let a = xr . Then y = ϕ(y) = a−1 ya = x−r yxr =
x−r x−r y = x−2r y. Thus r = 0,4. Since x4 ∈ Z(G), a ∈ Z(G). It follows that ϕ = Inna is the identity, a
contradiction. This shows that ϕ is not inner.
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